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Introduction
Trading cost models are widely used for pre-trade strategy selection and post-trade performance measurement. They try
to explain the cost of consuming liquidity in terms of instrument and order specific variables. Unlike short term
microstructure signals, trading cost models work at larger time scales (minutes to hours) and require large order samples
for their calibration.

Parametric Cost Models
Trading cost models can be non-parametric or parametric. Non-parametric models are essentially look-up tables where
average execution cost is bucketed in bins of the explanatory variables. Parametric models postulate a functional form for
the mean expected cost, which depends on the explanatory variables and a few parameters to be estimated statistically.

•
•

𝐶𝐶 = 𝑓𝑓(𝑥𝑥; 𝜃𝜃) + 𝜖𝜖.

(1)

Here, 𝐶𝐶 is the cost versus arrival price, 𝐶𝐶̅ = 𝑓𝑓(𝑥𝑥; 𝜃𝜃) is the mean cost conditional on the explanatory variables 𝑥𝑥 and
the model parameters 𝜃𝜃, and 𝜖𝜖 is the unexplained random variation.
The parameters 𝜃𝜃 are slowly varying with time. In practice they are updated monthly or quarterly. Estimating the
parameters is typically done by non-linear regression, which can also be corrected for the heteroscedasticity of 𝜖𝜖.

Parametric cost models as in eq. (1) are popular because of their simplicity and parsimony. They can be thought of as
effective theories summarizing the underlying dynamics of price impact. Their drawback is large unexplained variability.

Model Varieties
DB cost models use instrument and order explanatory variables from the following list:
𝐶𝐶
𝑠𝑠
𝜎𝜎
𝑉𝑉
𝑄𝑄
𝑇𝑇
𝑟𝑟

cost vs arrival (in basis points)
mean bid-ask spread (in basis points)
daily volatility (in basis points)
ADV in shares
order size (shares)
order duration (fraction of trading day)
order participation rate (fraction of order’s filled quantity over market’s volume within interval 𝑇𝑇)

For an order that executes at fixed participation rate (POV-like) and a market with slowly varying volume profile the
following relation holds
𝑄𝑄
= 𝑟𝑟𝑇𝑇.
𝑉𝑉
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𝑇𝑇

For orders with variable participation rate, the right hand side above becomes an integral∫0 𝑟𝑟(𝑡𝑡)𝑑𝑑𝑑𝑑. Although adaptive

algorithms modulate the participation rate based on market conditions, parametric cost models use the average realized
participation rate over the duration of the order.
Below we present the DB models from older to newer and then we report on their performance using historical order
samples.

1. Power Law Model
This is the earliest model, which generalizes the “square-root” class of models. It explains cost in terms of order size
relative to ADV and daily volatility.
𝑄𝑄 𝛼𝛼
𝐶𝐶̅ = 𝑏𝑏𝑏𝑏 � � .
𝑉𝑉

(3)

The impact coefficient 𝑏𝑏 and the impact exponent 𝛼𝛼 are estimated by non-linear fitting on past order flow. Typical values
for US markets are 𝑏𝑏 ≈ 0.35 and 𝛼𝛼 ≈ 0.40.

2. Spread Cost Model

This is an extension to the power law model. It assumes that the total cost vs arrival has two components, spread cost (or
slippage) and price impact (or mid-quote displacement). Spread cost is proportional to the bid-ask spread, and increases
with participation rate. The price impact part is the same as in the power law model.
𝑄𝑄 𝛼𝛼
𝐶𝐶̅ = �𝑎𝑎 + 𝑐𝑐𝑟𝑟 𝛽𝛽 �𝑠𝑠 + 𝑏𝑏𝑏𝑏 � � .
𝑉𝑉

(4)

Typical values for US markets coefficients are 𝑎𝑎 ≈ −0.33, 𝑏𝑏 ≈ 0.31, 𝑐𝑐 ≈ 0.51 and for exponents 𝛼𝛼 ≈ 0.30; 𝛽𝛽 ≈ 0.24.
This is the model that has been used in the Autobahn Equity post-trade transaction cost analysis in the US.

3. Trading Rate Model
This is the latest DB model. It assumes that the main explanatory variable for price impact is the participation rate (or
normalized trading rate), since this is what is visible to the market. The model also has explicit dependence on the order
duration. Shorter duration orders have smaller price impact than longer duration orders at the same participation rate. In
addition to the price impact, the model contains a slippage term, proportional to the bid-ask spread.
𝐶𝐶̅ = 𝑎𝑎𝑎𝑎 + 𝑐𝑐𝑐𝑐√𝑇𝑇 𝑟𝑟 𝛽𝛽 .

(5)

Dependence on order size is implicit. Order size over ADV, participation rate, and duration are linked via eq. (2). So the
model could also be written in terms of order size and participation rate. Typical values for US markets are 𝑎𝑎 ≈ 0.30,
𝑐𝑐 ≈ 1.05 and 𝛽𝛽 ≈ 0.65. Note how this model reproduces the classical square root model in the limit 𝛽𝛽 = 1/2 and after
using eq. (2). We intend to begin using the trading rate model in the Autobahn Equity post-trade transaction cost analysis
in the US.

Model Comparison
In this section we compare the above three models in terms of their ability to explain realized cost. We use a historical
order sample of DB internal US order flow data from January through May 2018. About 500,000 eligible orders where
analyzed. Distribution information on the relevant variables in our sample are shown in table 1.
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Table 1: Summary statistics for a representative sample of US order data collected over period Jan through May 2018

Orders are grouped by size over ADV and the model forecast and realized mean cost per group is plotted in figure 1.
Cost Model Comparison
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Figure 1 Model comparison across order sizes

It is clear that the trading rate model outperforms the other two in explaining realized cost across size bins. In particular,
the model performs quite well for large size orders, i.e. greater than 5% ADV. The individual model forecasts are tabulated
in table 2 below, along with the corresponding forecast errors.
It is also worth noting that the trading rate model contains no extra ad-hoc corrections or extrapolations for the high
size/ADV range. The model is strictly defined by one functional form, as shown in equation (5). One could generalize the
model by replacing the factor 𝜎𝜎√𝑇𝑇 with 𝜎𝜎𝑇𝑇 𝛾𝛾 and fit the extra exponent 𝛾𝛾. This would introduce an extra scale to the
problem, since the coefficient 𝑐𝑐 will not be dimensionless any more. We prefer keeping the Brownian motion scaling 𝜎𝜎√𝑇𝑇.
It seems to be adequate in capturing the fact that short duration orders are exposed to less price volatility and create less
price impact for fixed participation rate.
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Table 2: Comparison of model forecasts and realized trading costs, grouped by order size/ADV

To further assess the choice of participation rate as a good explanatory variable, we break each order size group into four
participation rate bins and plot the model and realized mean cost. The results are shown in figures 2 and 3.
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Figure 2 Average model and realized cost by participation rate for order sizes <0.1% ADV (left) and 0.1-0.5% of ADV (right)
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Figure 3 Average model and realized cost by participation rate for order sizes 0.5-1% ADV (left) and 1-.5% of ADV (right)
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Statistical significance varies since the samples become thin at high participation rates. Nevertheless, the trading rate
model stays closer to the realized cost than the other models, at least for order sizes up to 1% of ADV, where most of our
sample concentrates. We expect to statistically strengthen the above results by analyzing larger samples in the future.

Conclusion
Parametric trading cost models explain the average cost of large order samples with a small number of relevant
parameters connected via simple formulae. Their analytic structure makes them easy to work with in utility functions for
optimization and trading strategy development.
There are some disadvantages in relying too heavily on parametric cost models to assess algorithmic performance,
especially for smaller samples. Therefore, DB typically utilizes this metric as one reference point, in addition to several
other factors, when evaluating post-trade performance and when undertaking experiments and algorithm parameter
tuning.
Here we outlined the evolution of cost models developed and used at Deutsche Bank Global Equities. Calibration and
refinement of the models is an ongoing effort. As such, we welcome and appreciate any feedback as this research effort
evolves.
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Disclaimer
IMPORTANT:
This document is intended for discussion purposes only and does not create any legally binding obligations on the part of Deutsche Bank AG and/or its affiliates (“DB”). Without
limitation, this document does not constitute an offer, an invitation to offer or a recommendation to enter into any transaction. When making an investment decision, you should
rely solely on any specific final documentation relating to a transaction and not the summary contained herein. DB is not acting as your legal, financial, tax or accounting adviser
or in any other fiduciary capacity with respect to any proposed transaction mentioned herein. This document does not constitute the provision of investment advice and is not
intended to do so, but is intended to be general information. Any product(s) or proposed transaction(s) mentioned herein may not be appropriate for all investors and before
entering into any transaction you should take steps to ensure that you fully understand the transaction and have made an independent assessment of the appropriateness of
the transaction in the light of your own objectives, needs and circumstances, including the possible risks and benefits of entering into such transaction. For general information
regarding the nature and risks of the proposed transaction and types of financial instruments please go to www.globalmarkets.db.com/riskdisclosures. You should also consider
seeking advice from your own advisers in making any assessment on the basis of this document. If you decide to enter into a transaction with DB, you do so in reliance on your
own judgment. The information contained in this document is based on material we believe to be reliable; however, we do not represent that it is accurate, current, complete, or
error free. Assumptions, estimates and opinions contained in this document constitute our judgment as of the date of the document and are subject to change without notice.
Any projections are based on a number of assumptions as to market conditions and there can be no guarantee that any projected results will be achieved. Past performance
does not guarantee or predict future results. This material was prepared by a Sales or Trading function within DB, and was not produced, reviewed or edited by the Research
Department. Any opinions expressed herein may differ from the opinions expressed by other DB departments including the Research Department. Sales and Trading functions
are subject to additional potential conflicts of interest which the Research Department does not face. DB may engage in transactions in a manner inconsistent with the views
discussed herein. DB trades or may trade as principal in the instruments (or related derivatives), and may have proprietary positions in the instruments (or related derivatives)
discussed herein. DB may make a market in the instruments (or related derivatives) discussed herein. Sales and Trading personnel are compensated in part based on the
volume of transactions effected by them. DB seeks to transact business on an arm’s length basis with sophisticated investors capable of independently evaluating the merits
and risks of each transaction, with investors who make their own decision regarding those transactions. The distribution of this document and availability of these products and
services in certain jurisdictions may be restricted by law. You may not distribute this document, in whole or in part, without our express written permission.
DB SPECIFICALLY DISCLAIMS ALL LIABILITY FOR ANY DIRECT, INDIRECT, CONSEQUENTIAL OR OTHER LOSSES OR DAMAGES INCLUDING LOSS OF PROFITS
INCURRED BY YOU OR ANY THIRD PARTY THAT MAY ARISE FROM ANY RELIANCE ON THIS DOCUMENT OR FOR THE RELIABILITY, ACCURACY,
COMPLETENESS OR TIMELINESS THEREOF.
Deutsche Bank AG (“the Bank”) is a joint stock corporation incorporated with limited liability in the Federal Republic of Germany. It is registered in the Commercial Register
of the District Court, Frankfurt am Main under number HRB 30 000. The Bank is authorized under German Banking Law (competent authorities: European Central Bank and
the BaFin, Germany’s Federal Financial Supervisory Authority) and, in the United Kingdom, by the Prudential Regulation Authority. It is subject to supervision by the European
Central Bank and by the BaFin, and is subject to limited regulation in the United Kingdom by the Financial Conduct Authority and the Prudential Regulation Authority under
firm reference number 150018. Details about the extent of the Bank’s authorization and regulation by the Prudential Regulation Authority, and its regulation by the Financial
Conduct Authority, are available from the Bank on request.
The Bank is registered as a foreign company in the register of companies for England and Wales (registration number FC007615).
Under its European Passport, the Bank carries on banking and investment services in the United Kingdom through Deutsche Bank AG, London Branch (“London Branch”)
and is also authorized to provide such services into the United Kingdom from Germany and from its other EEA branches.
Deutsche Bank AG, London Branch is registered as a branch in the register of companies for England and Wales (registration number BR000005). Its registered address is
Winchester House, 1 Great Winchester Street, London EC2N 2DB.
In addition to its above authorizations, the Bank is authorized by the Financial Conduct Authority to carry on investment services in precious metals.
London Branch is listed as a member firm of the London Stock Exchange.
IN HONG KONG - This document is intended for Professional Investors as defined by the SFO. Deutsche Securities Asia Limited Hong Kong is a participant of the Stock
Exchange of Hong Kong and is licensed as a licensed corporation with the Securities and Futures Commission. DBAG Hong Kong Branch is regulated by the Hong Kong
Monetary Authority.
IN US: This document is approved and or distributed by Deutsche Bank Securities Inc., a member of the NYSE, FINRA, NFA and SIPC. In accordance with US regulation,
please contact your local DB US registered broker dealer, Deutsche Bank Securities Inc., for any questions or discussion of potential transactions.
IN JAPAN: This document is prepared by Deutsche Bank A. G. Hong Kong Branch and is distributed in Japan by Deutsche Securities Inc. (“DSI”). Please contact the
responsible employee of DSI in case you have any question on this document. DSI serves as contact for the product or service described in this document.

Deutsche Bank
Equities

6

